Let R and B be two sets of points such that the points of R are colored red and the points of B are colored blue. Let G be a planar graph such that |R| vertices of G are red and |B| vertices of G are blue. A bi-chromatic point-set embedding of G on R ∪ B is a crossing-free drawing of G such that each blue vertex is mapped to a point of B, each red vertex is mapped to a point of R, and each edge is a polygonal curve. We study the curve complexity of bi-chromatic point-set embeddings, i.e. the number of bends per edge that are necessary and sufficient to compute such drawings. We show that O(n) bends are always sufficient and sometimes necessary. We also prove that two bends per edge suffice if G is a 2-colored caterpillar and that for properly 2-colored caterpillars, properly 2-colored wreaths, 2-colored paths, and 2-colored cycles the number of bends per edge can be reduced to one, which is worst-case optimal.
Introduction
Let G be a planar graph such that each vertex of G is colored with either the red or the blue color (there may be adjacent vertices with the same color). Let R and B be two distinct sets of red and blue points in the plane, respectively, such that |R| equals the number of red vertices of G and |B| equals the number of blue vertices of G. A bi-chromatic point-set embedding of G on R ∪ B is a crossing-free drawing of G such that each blue vertex is mapped to a point of B, each red vertex is mapped to a point of R, and each edge is a polygonal curve. The mapping of each blue/red vertex of G to a blue/red point of R ∪ B is not part of the input.
The problem of computing bi-chromatic point-set embeddings for different subclasses of planar graphs has received considerable attention in the graph drawing and computational geometry literature during the last two decades. While the interested reader is referred to the exhaustive survey and list of references by Kaneko and Kano [15] , we briefly recall here some of the most recent results. In what follows we shall denote with S the set R ∪ B and implicitly assume that the red (blue) points of S are always as many as the red (blue) vertices of the 2-colored input graph G.
Akiyama and Urrutia [3] study the case that G is a path P with a proper 2-coloring (i.e. there cannot be two adjacent vertices in the same color class), the points of S are in convex position, and the edges of the bi-chromatic point-set embedding are straight-line segments. Under these assumptions, they exhibit a set S of sixteen points for which P does not admit a straight-line bi-chromatic point-set embedding and present O(n 2 )-time algorithm to test whether P has a straight-line bi-chromatic point-set embedding on two sets of red and blue points. Abellanas et al. [1, 2] also study the straight-line bi-chromatic point-set embedding of a path P with a proper 2-coloring on a set S = R ∪ B. They show that if either the convex hull of S consists of all red points and no blue points or S is a linearly separable 1 bipartition (i.e. there exists a line that separates all blue points from the red ones), then P has a straight-line point-set embedding on S. A recent paper by Kaneko, Kano, and Suzuki [12] provides a complete characterization of those paths with a proper 2-coloring that admit a straight-line bi-chromatic point-set embedding on any two sets of red and blue points in general position: If a path has at most twelve vertices or if it has exactly fourteen vertices, then it always admits a straight-line bi-chromatic point-set embedding on any given two sets of red and blue points; for all other cases, there exist configurations of red and blue points for which the path does not admit a straight-line bi-chromatic point-set embedding.
The problem of computing a straight-line bi-chromatic point-set embedding of a tree with exactly one red vertex and all other blue vertices was originally posed by Perles, partially solved by Pach and Törőcsik [19] and completely settled by Ikebe et al. [10] and, independently, by Tokunaga [21] ; the running time of these solutions is quadratic in the input size. An optimal Θ(n log n)-time algorithm for computing the drawing is presented by Bose, McAllister, and Snoeyink [5, 6] . Results concerning straight-line bichromatic point-set embeddings of forests can be found in [11, 13, 14] . Straight-line bi-chromatic point-set embeddings of cycles are studied in [16] .
The present paper investigates bi-chromatic point-set embeddings by removing the restriction that the edges must be drawn as straight-line segments and hence allowing edges that are polygonal chains. In particular, we are interested in the curve complexity of the polylines representing the edges in the drawings, i.e. we study how many bends per edge are necessary and sufficient to construct bi-chromatic point-set embeddings for specific families of planar graphs.
We recall that the "monochromatic" version of the problem considered in this paper has already been studied by Kaufmann and Wiese [18] . They consider as input a planar graph G and a set of points S (the vertices of G and the points of S are all given the same color); their goal is to compute a monochromatic point-set embedding, i.e. a polyline crossing-free drawing of G where the vertices of G are mapped to points of S. Kaufmann and Wiese prove that every planar graph admits a monochromatic point-set embedding with at most two bends per edge and that this is optimal for some configurations.
Also the n-chromatic version of the problem has been studied: Pach and Wenger [20] consider the case that the input is a planar graph G with n vertices together with a set S of n points and a function that maps each vertex of G to a point of S. One can view this mapping as an n-coloring of G that associates each vertex of G to a point of S having the same color. The goal is to compute an n-chromatic point-set embedding. i.e. a polyline crossing-free drawing of G where every vertex is mapped to the point of S having the same color. Pach and Wenger prove that every planar graph has an n-chromatic point-set embedding on any given set of points such that each edge has O(n) bends; they also prove that the upper bound on the number of bends per edge is asymptotically optimal in the worst case even for the case that G is a path.
The question that motivates our research is based on the following observation: If two bends per edge are necessary and sufficient to solve the monochromatic point-set embedding problem [18] while O(n) bends per edge are necessary and sufficient for the n-chromatic case [20] , how many bends per edge do we need if the number of colors is a constant larger than one? More in general, we would be interested in finding how the number of bends per edge varies with the number of used colors. This paper initiates the study considering the simple case of two colors. Notice that by the result of Pach and Wenger [20] we have that every planar graph has a bi-chromatic point-set embedding with O(n) bends per edge (arbitrarily map every red/blue vertex to a red/blue point and then use the drawing technique of [20] ). Therefore the question that we ask is whether O(n) bends per edge is also a lower bound for the bi-chromatic point-set embedding problem and/or there are cases where a constant number of bends can be achieved. Our main results can be listed as follows.
• We show that there exists a 2-colored tri-connected planar graph G with n ≥ 8 vertices and two sets of points R and B such that every bi-chromatic point-set embedding of G on R ∪ B has one edge that requires at least n 6 − 1 bends. This is somewhat surprising if compared with the monochromatic version of the problem for which a constant number of bends per edge is always sufficient [18] and sheds more light on the edge complexity of crossing-free drawings with vertices at fixed locations when some mapping of the vertices to the locations is given [20] .
• Motivated by the above result, we study what are the properties of 2-colored planar graphs that admit a bi-chromatic point-set embedding with a constant number of bends per edge. We show that a 2-colored planar graph G admits a bi-chromatic point-set embedding on any two sets of red and blue points with at most two bends per edge if an and only if G has a suitably defined book embedding on two pages. This extends a previous result described in [8, 9] relative to monochromatic point-set embeddings.
• By means of this equivalence, we prove that every 2-colored caterpillar admits a bi-chromatic point-set embedding on any two sets of red and blue points such that every edge of the drawing has at most two bends. We also prove that for properly 2-colored caterpillars, properly 2-colored wreaths, 2-colored paths, and 2-colored cycles the number of bends per edge can be reduced to one, which is worst-case optimal since a very restricted set of paths (and hence cycles, wreaths, and caterpillars) has a bi-chromatic point-set embedding with no bends per edge [12] .
The rest of the paper is organized as follows. In Section 2 preliminary definitions are given. In Section 3 we show that the lower bound on the curve complexity of bi-chromatic point-set embeddings can be O(n). An equivalence of bi-chromatic point-set embeddability with at most two bends per edge and a (special type of) 2-page book embeddability is the subject of Section 4. Upper bounds and drawing algorithms are discussed in Section 5. Finally, conclusions and open problems can be found in Section 6.
Preliminaries
We assume familiarity with basic graph drawing terminology (see, e.g. [7, 17] ); we recall here only those definitions and known results that will be of use in the rest of the paper.
Colors and Point-set Embeddings
Let G = (V, E) be a planar graph. A 2-coloring of G is a partition of V into two disjoint sets V b and V r , the blue vertices and the red vertices respectively. A 2-coloring is proper if for every edge (u, v) ∈ E we have u ∈ V b and v ∈ V r . Given a vertex v we denote by c(v) the color of v. If a graph G has a 2-coloring we say that it is 2-colored, if the 2-coloring is proper we say that G is properly 2-colored.
Let S be a set of points in the plane such that each point p of S is given one color. We denote with c(p) the color of p. Also let S ⊆ S be a subset of points all having the same color; we denote as c(S ) the color of any point in S .
Let G be a 2-colored planar graph, and let S = B ∪ R be a set of points in the plane such that: (i) c(B) is the blue color, (ii) c(R) is the red color, and (iii) |B| = |V b | and |R| = |V r |. We say that S is equipollent with G. G has a point-set embedding on S if G has a planar drawing Γ whose vertices are the points of S and whose edges are a polygonal curves. G has a bi-chromatic point-set embedding on S if G has a point-set embedding on S such that every vertex v of G is mapped to a point p of S with c(p) = c(v). A 2-colored planar graph G is bi-chromatic pointset embeddable if it has a bi-chromatic point-set embedding on any set of points equipollent with G.
Based on the result by Pach and Wenger on n-chromatic point-set embeddings [20] one can compute a bi-chromatic point-set embedding of a 2-colored planar graph on any equipollent set of points with O(n) bends per edge as follows. Map every vertex v ∈ G to a point p ∈ S such that c(v) = c(p) and then use the algorithm in [20] to compute a drawing with O(n) bends per edge. Theorem 1 [20] Let G be a 2-colored planar graph and let S be any set of points equipollent with G. G has a bi-chromatic point-set embedding on S such that each edge is a polygonal curve with O(n) bends.
Book Embeddings
Let l be a horizontal line that we call spine. The spine defines two half-planes sharing line l: the top half-plane is called top page, the bottom half-plane is called bottom page. Let G be a planar graph. A 2-page book embedding of G is a crossingfree drawing of G such that: (i) the vertices of G are represented as points of the spine, (ii) each edge is drawn as a simple Jordan curve either in the top or in the bottom page that never intersects the spine only at its endpoints. If (u, v) is drawn in the top page we say that (u, v) is assigned to the top-page; else, we say that (u, v) is assigned to the bottom page.
A 2-page book embedding naturally induces a linear ordering on the vertices of G, that is the order in which the vertices are encountered along the spine in the drawing. However, as the following lemma establishes, not all linear orderings of the vertices of G and assignments of its edges to one of the pages define a 2-page book embedding. Proof. Suppose that the linear ordering λ and the assignment of the edges to the pages define a 2-page book embedding of G, i.e. there exists a drawing of G such that: (i) all the vertices of G are drawn as points along a straight line l according to λ; (ii) each edge is drawn as a simple Jordan curve contained in the page where it is assigned to; and (iii) no two edges cross. Assume, by contradiction, that there exist two edges e 1 = (u 1 , v 1 ), e 2 = (u 2 , v 2 ) assigned to the same page π such that u 1 , u 2 , v 1 , and v 2 appear in this order in λ. The simple Jordan curve c 1 representing e 1 divides π into two regions: one containing u 2 and the other containing v 2 . It follows that the simple Jordan curve representing e 2 necessarily intersects c 1 . This contradicts the assumption that the linear ordering λ and the assignment of the edges to the pages define a 2-page book embedding of G.
Suppose now that it does not exists a pair of edges e 1 = (u 1 , v 1 ), e 2 = (u 2 , v 2 ) assigned to the same page such that u 1 , u 2 , v 1 , and v 2 appear in this order in λ. We prove that it is possible to compute a 2-page book embedding of G. The vertices of G are drawn as points of a straight line l. Let e = (u, v) be an edge assigned to a page π and let p(u) and p(v) be the points representing u and v, respectively. Edge e is drawn in π as a semi-circle having segment p(u)p(v) as diameter.
We prove that no two edges in the drawing cross. Let e 1 = (u 1 , v 1 ) and e 2 = (u 2 , v 2 ) be two edges of G. If they are assigned to different pages, then trivially do not cross each other. Assume then that they are assigned to the same page. Without loss of generality, assume that u 1 is before v 1 in λ and u 2 is before v 2 in λ. Since, by hypothesis, u 1 , u 2 , v 1 , and v 2 do not appear in this order in λ, the possible relative orders of the four vertices are the following: vertices on this path are called division vertices, while u and v are called original vertices. A 2-page topological book embedding of G is a 2-page book embedding of a subdivision of G. If the number of division vertices for each edge is at most d we say that G has 2-page topological book embedding with at most d divisions. We note that a 2-page book embedding of a graph is a 2-page topological book embedding with 0 divisions. Informally speaking, a 2-page topological book embedding of G is a 2-page book embedding where the edges can be drawn on more than one page, i.e. the edges can cross the spine and are represented as the concatenation of arcs of circumferences which alternate on the top and on the bottom page; each crossing between an edge e and the spine corresponds to a division of e.
A red-blue sequence σ is a set of collinear points such that each point is either red or blue. Let G be a 2-colored planar graph and let σ be a red-blue sequence equipollent with G. For a point p of σ that is followed by a point p of σ we denote p as next(p) A 2-page (topological) book embedding of G consistent with σ is a 2-page (topological) book embedding of G such that each vertex v of G is represented by a point p of σ and c(v) = c(p). A 2-colored planar graph G is 2-page bi-chromatic (topological) book embeddable if, for any red-blue sequence σ equipollent with G, G has a 2-page (topological) book embedding consistent with σ. If the number of division vertices for each edge is at most d, we say that G is 2-page bi-chromatic topological book embeddable with at most d divisions.
Curve Complexity of Bi-Chromatic Point-set Embeddings
By Theorem 1, every 2-colored planar graph is bi-chromatic point-set embeddable with O(n) bends per edge. In this section we prove that such number of bends per edge can also be necessary for some configurations. We show this in two cases: in Lemma 4 the set S of points where the graph has to be embedded is a set of collinear points; in Lemma 5 the result is extended to a generic convex set of points. We start by providing a basic tool that will be of use for Lemma 4. Lemma 2 Let G be a 2-colored planar graph. If G is bi-chromatic point-set embeddable with at most k bends per edge, then it is 2-page bi-chromatic topological book embeddable with at most k − 1 divisions.
Proof. Consider an arbitrary red-blue sequence σ equipollent with G and let l be the straight line that contains the points of σ. By hypothesis, G admits a bichromatic point-set embedding γ with at most k bends per edge on σ. Consider any two consecutive bends b 1 and b 2 along an edge e of γ; if b 1 and b 2 lie on the same half-plane defined by l then the segment of e from b 1 to b 2 does not cross the spine. If b 1 and b 2 lie on different half-planes defined by l, then the segment of e from b 1 to b 2 must cross the spine. Since there are at most k bends on e, there can be at most k − 1 crossings between e and l. For each of these crossings we split e with a division vertex. The resulting drawing is a 2-page bi-chromatic topological book embedding consistent with σ and with at most k − 1 divisions. Since σ is arbitrary, it follows that G is 2-page bi-chromatic topological book embeddable with at most
Now we describe the graph G that we use to prove the lower bound on the curve complexity of bi-chromatic point-set embeddings in Lemma 4 and Lemma 5. Lemma 3 Let G be a 2-colored planar graph with n ≥ 8 vertices defined as follows. The set of blue and red vertices V b and V r are:
The set of edges is:
In any planar embedding of G cycle C separates the red vertices from the blue vertices not belonging to C. Proof. Any red vertex u i , i = 0, . . . , n/2 − 1 has three paths π u i , π u i , and π u i (eventually consisting of a single edge) by which is connected to v 0 , v 1 , and v 2 , respectively. Any blue vertex v j , j = 3, . . . , n/2 − 1 has three paths π v j , π v j , and π vj (eventually consisting of a single edge) by which is connected to v 0 , v 1 , and v 2 , respectively. Since these paths do not share any edge, it follows that u i and v j neither can be both inside C nor can be both outside C, without creating any edge crossing. As i an j are arbitrarily chosen, this proves the lemma. Figure 1 (a) shows the graph G for n = 14.
2 We are now in the position of proving a lower bound on the curve complexity of bi-chromatic point-set embeddings. Lemma 4 There exists a 2-colored tri-connected planar graph G with n ≥ 8 vertices and a set of collinear points S equipollent with G such that any bi-chromatic pointset embedding of G on S has one edge with at least n 3 − 1 bends. Proof. Let G be the graph defined as in Lemma 3 with its cycle C. An example of graph G in the case that n = 14 is given in Figure 1 (a).
Let S be a red-blue sequence equipollent with G and such that red and blue points alternate along the line that contains them. An alternating red-blue sequence equipollent with the graph of Figure 1 (a) is given in 1 (b). By Theorem 1 G is bi-chromatic point-set embeddable on S. Suppose for a contradiction that there existed a bi-chromatic point-set embedding γ of G such that every edge of γ has at most n−3 3 −1 bends. By Lemma 2, G must have a 2-page bi-chromatic topological book embedding that is consistent with S and has at most
. . p n−1 the points of S as they are encountered from left to right. Let γ be a 2-page bi-chromatic topological book embedding of G and let p i , p j , and p k (i < j < k) be the points of S representing the vertices of cycle C. Since all red vertices of G must be drawn inside C while all blue vertices outside C, then when walking clockwise on the edges of C in γ all red points must be on the left side and blue points must be on the right side, or viceversa.
Since every blue point is in-between two red points, it follows that (see also Figure 1 (c)):
• The edge of C whose end-vertices are mapped to p i and p j crosses the spine twice the number of blue points between p i and p j .
• The edge of C whose end-vertices are mapped to p j and p k crosses the spine a number of times equal to twice the number of blue points between p j and p k .
• The edge of C whose end-vertices are mapped to p i and p k crosses the spine a number of times equal to twice the number of blue points that are before p i and after p k .
Since the total number of blue points except p i , p j , p k is n 2 − 3, it follows that the total number of spine crossings of the edges of C is 2( n 2 − 3). Therefore at least one of the edges in C crosses the spine a number of times equal to An example of graph G in the case that n = 14 is given in Figure 1 (a). Let S be a convex set of red and blue points equipollent with G, such that the red and blue points alternate along the shape of the convex hull CH(S) of S. An example of S equipollent with the graph of Figure 1 (a) is given in Figure 2 (a).
The proof of the lemma is accomplished by showing that the polyline representing one of the edges of C in the drawing of G onto S requires at least Hence if we go along λ, for any red-blue-red triple of points, first we encounter a point of λ that lies inside CH(S) (close to the first red point), then we encounter a point of λ that lies outside CH(S) (close to the blue point), then we encounter another point of λ inside CH(S) (close to the second red point). Since CH(S) is convex, λ requires at least one bend for any red-blue-red triple of points. Therefore the overall number of bends along the three edges belonging to C is at least n 2 − 3. Then, one of the edges of C has at least n 2 −3 3 = n 6 − 1 bends. An example for this case is shown in Figure 2 (b) .
The same argument can be applied in an embedding where the red points are inside C, but in this case the polyline representing C has one bend for each bluered-blue triple of points: The overall number of bends along the three edges in C is therefore n 2 . It follows that one of the edges of C has at least
bends. An example for this case is shown in Figure 2 (c) .
By the argument above it follows that one of the edges of C has at least n 6 − 1 bends in any bichromatic point-set embedding of G on S. This proves the lemma. We remark that the result of Theorem 2 is somewhat surprising if compared with the work of Kaufmann and Wiese [18] , where it is proven that just two bends per edge are always sufficient and some times necessary to point-set embed a planar graph on any given set of points. On the other hand, a comparison of Theorem 2 with the results of Pach and Wenger [20] would somehow suggest that there is no difference in terms of curve complexity if the mapping of the set of points is given as part of the input (i.e. the n-chromatic point-set embeddability problem studied by Pach and Wenger) or if the algorithm is given much more freedom in mapping the vertices of G to the points of S as in the bi-chromatic case, where the only constraint is to map each vertex of G to one of the (many) points of S having its same color.
However, we observe that the families of graphs that require O(n) bends per edge in Theorem 2 are tri-connected (see also Lemma 4 and Lemma 5), whereas Pach and Wenger prove that in the n-chromatic point-set embeddability problem O(n) bends per edge is asymptotically worst-case optimal even for simple paths. This naturally raises the question about whether there exist families of 2-colored planar graphs that are bi-chromatic point-set embeddable with a constant number of bends. Investigating this question is the subject of the next two sections.
Bi-chromatic Point-set Embeddings and Book Embeddings
In this section we relate the bi-chromatic point-set embeddability problem to the 2-page bi-chromatic topological book embeddability problem. We start by recalling that in [8, 9] it has been proved that there is a strong connection between point-set embeddability and book embeddability. The following theorem is an immediate consequence of the result in [8, 9] , which are in turn based on the results presented in [18] .
Theorem 3 [8, 9] Let G be a planar graph. Then:
• G admits a 2-page book embedding if and only if G admits a point-set embedding with at most one bend per edge on any set of points.
• G admits a 2-page topological book embedding with at most one division if and only if G admits a point-set embedding with at most two bends per edge on any set of points.
The results of Theorem 3 can be extended to bi-chromatic point-set embedding and bi-chromatic book embedding. Theorem 4 Let G be a 2-colored planar graph. Then:
• G is bi-chromatic point-set embeddable with at most one bend per edge if and only if it is 2-page bi-chromatic book embeddable.
• G is bi-chromatic point-set embeddable with at most two bends per edge if and only if it is 2-page bi-chromatic topological book embeddable with at most one divisions.
Proof. If G is bi-chromatic point-set embeddable with at most k bends per edge (k = 1, 2) then it is 2-page bi-chromatic topological book embeddable with at most k−1 divisions by Lemma 2. This proves the only-if part of the two statements (recall that a 2-page bi-chromatic topological book embedding with at most 0 divisions is a 2-page bi-chromatic book embedding).
We prove now that if G is 2-page bi-chromatic topological book embeddable with at most k − 1 division and k = 1, 2 then G is bi-chromatic point-set embeddable with at most k bends per edge. Let S be a set of points in the plane equipollent with G. Without loss of generality, we can assume that all points in S have distinct x-coordinates (if not, it is possible to rotate the plane to achieve this condition). Let σ be the red-blue sequence obtained by projecting the points of S onto the x-axis. By hypothesis G admits a 2-page topological book embedding γ with at most k − 1 divisions consistent with σ.
By Theorem 3 G admits a point-set embedding with at most k bends per edge on S. It remains to prove that such point-set embedding is bi-chromatic, i.e. that for each vertex v mapped onto a point p we have c(v) = c(p). To this aim we recall that the technique behind the proof of Theorem 3 [8, 9] 2 Based on Theorem 4, we can now study bi-chromatic point-set embeddability of specific classes of graphs by modelling the problem as a 2-page bi-chromatic embeddability problem.
Computing Bi-chromatic Point-set Embeddings with at Most Two Bends per Edge
In this section we describe how to compute a bi-chromatic point-set embeddings with at most two bends per edge for different families of 2-colored planar graphs. We shall first show how to compute bi-chromatic point-set embeddings of 2-colored caterpillars with at most two bends per edge. Then we will show how the same drawing technique can be applied to properly 2-colored caterpillars, properly 2-colored wreaths, 2-colored paths, and 2-colored cycles so to achieve one bend per edge. We recall that, based on the characterization of Kaneko and Kano and Suzuki [12] , not all properly 2-colored paths (and hence none of the families of graphs investigated in this section) are bi-chromatic point-set embeddable with no bends per edge.
Bi-chromatic Point-set Embeddings of Caterpillars
A caterpillar G is graph that consists of a path, called the body of G, and of a (possibly empty) set of vertices adjacent to the body and having degree one. Based on Theorem 4, we prove that G is bi-chromatic point-set embeddable with at most two bends per edge by showing that G is 2-page bi-chromatic topological book embeddable with at most one division. Namely, let σ be any red-blue sequence equipollent with G. We describe a drawing algorithm that computes a 2-page bichromatic topological book embedding of G consistent with σ and with at most one division.
We need some additional notation. We denote as v 0 , v 1 , . . . , v h the vertices of the body of G. Figure 4 We are going to describe a drawing algorithm, called Cater-Draw that is recursive with the number of vertices in the body of G. At Step k of the recursion the subgraph induced by N k−1 is added to the current drawing. The output of the algorithm after k steps is a drawing γ k that maintains a set of invariant properties. Figure 5 is an example of the output γ 2 of Step 3 of AlgorithmCater-Draw when the input is the graph G of Figure 4 (a). Note that γ 2 is a drawing of the graph G 2 of Figure 4 (b) .
Before listing the invariants and describing the execution of the generic step of Algorithm Cater-Draw, we recall that for a red-blue sequence σ and for a point p of σ we denote as next(p) the point of σ that follows p in the left-to-right order. We also recall that for a set S of points all having the same color, we denote as c(S ) such color (see Section 2). In the next sections we denote as σ k ⊆ σ the red- blue subsequence consisting of all points representing the vertices of G k in γ k . The rightmost point of σ k is denoted as ρ k . For example, the points of σ 2 in Figure 5 are those that represent a vertex of G 2 ; vertex ρ 2 is also highlighted. The set of all points of σ \ σ k that are to the left of ρ k in σ is denoted as NB k . The set of vertices that are after ρ k in σ and whose color is c (c ∈ {b, r}) is denoted as F Let l be the line through the points of σ k and let q be any point of l (q may or may not be an element of σ) and let π be either the top or the bottom half-plane defined by l. We say that q is accessible from π in γ k if there is no edge (u, v) in G k such that q is between the point representing u and the point representing v in γ k . For example, in Figure 5 point w is accessible from the lower half-plane, point v 2 is accessible form both half-planes, while point u is not accessible form an half-plane. For a vertex v of G, we often denote as p(v) the point of σ that represents v.
The Drawing algorithm
At each step of Algorithm Cater-Draw the following three invariant properties are maintained. Property 1. γ k is a 2-page bi-chromatic topological book embedding with at most one division.
Property 2. All the points in NB k have the same color, and each of them is accessible from one of the two pages. (a) • If the first point that follows ρ Once all vertices of N k−1 have been mapped to points, Algorithm Cater-Draw draws the edges connecting v k−1 to the vertices of N k−1 . We define where to draw the division vertices along the edges and to which page each edge (or portion of edge between consecutive division vertices) is assigned. In the next section we will use this page assignments and Lemma 1 to prove that γ k is indeed a topological 2-page book embedding. We distinguish two cases. Refer also to Figures 6 (c) ,(i), (f), and (l) a. 
Proof of Correctness
We assume in this section that Properties 1-3 inductively hold for γ k−1 and show that they also hold for γ k . We start by proving a basic geometric fact.
Lemma 6 Let γ be a topological 2-page book embedding with at most one division. Let p and q be two points of the spine of γ that are accessible from a same page π. Then it possible to connect p and q with a simple Jordan curve contained in π that does not cross any of the edges of γ.
Proof. Since p and q are both accessible from π there is no edge e = (u, v) in γ such that the closed region bounded by u, v ∪e has p inside and q outside. Therefore p and q can be connected by a Jordan curve entirely contained in π and that does not cross any edge of γ.
2 We are ready to show that γ k satisfies the first invariant. Lemma 7 Drawing γ k satisfies Property 1. Proof. By inductive hypothesis γ k−1 is a 2-page bi-chromatic topological book embedding with at most one division and also satisfies Properties 2 and 3. In order to show that also γ k s a 2-page bi-chromatic topological book embedding with at most one division it suffice to prove that:
• Algorithm Cater-Draw draws the edges of G k \ G k−1 without introducing crossings.
• For each edge of G k \ G k−1 at most one division per vertex is inserted.
Let (v k−1 , u) be an edge of G k \ G k−1 and refer to Case 1 and to Case 2 of Section 5.1.1 relative to drawing the edges that connect v k−1 to the vertices of N k−1 .
Assume first that we are in Case 1: (v k−1 , u) does not cross the edges of γ k−1 whatever is the page where it is assigned to because its end-vertices are both accessible from both pages in γ k−1 and hence we can use Lemma 6. If p(u) ∈ NB k−1 then by Property 2 p(u) is accessible from a page π in γ k−1 . Since edge (v k−1 , u) is assigned to π, it can be drawn without crossing any edges of γ k−1 by Lemma 6.
Assume now that we are in Case 2. In this case v k−1 is accessible from a page
is accessible from both pages, by Lemma 6 it can be drawn without crossing any edges of γ k−1 . If p(u) ∈ NB k−1 , by Property 2 it is accessible from one page that we denote as π . If π coincides with π (Case 2.a), then edge (v k−1 , u) is assigned to π and by Lemma 6 it can be drawn without crossing any edges of γ k−1 .
If π and π are different pages (Case 2.b), then a dummy point p ω is inserted between ρ k−1 and next(ρ k−1 ). Such point is accessible from both pages in γ k−1 because it is to the right of ρ k−1 . Edge (v k−1 , ω) is assigned to page π and therefore by Lemma 6 it can be drawn without crossing any edges of γ k−1 ; similarly, edge (ω, u) is assigned to the page π and by the same argument it can be drawn without crossing any edges of γ k−1 . Observe that AlgorithmCater-Draw splits edge (v k−1 , u) with at most one division vertex ω that corresponds to point p ω . Therefore, to conclude the proof it remains to prove that no two edges of G k \ G k−1 cross each other.
In Case 1, all these edges have v k−1 as a common end-vertex and hence they can be drawn without crossing each other. Consider now Case 2. Let E ω be the set of edges such that one end-vertex is a division vertex and the other one is a vertex mapped to a point of NB k−1 . Let E v be all the remaining edges of G k \ G k−1 . All edges of E v can be drawn without crossing each other because they have v k−1 as common end-vertex. Also they do not cross the edges of E ω because the page of the edges of E v is different from the page of the edges of E ω . Finally, the edges of E ω do not cross each other: for any two edges (u i , ω i ) and (u j , ω j ) of E ω the algorithm sets p(u i ) < p(u j ) < p ω j < p ω i in σ and thus by the argument of Lemma 1 no two edges of E ω cross.
2 Before proving that γ k satisfies the second invariant property we make the following observation about point p(v k ) to which Algorithm Cater-Draw maps v k . Proof. We start by proving that all points of NB − k have the same color. By inductive hypothesis all points of NB k−1 have the same color; let c 1 be such color and let c 2 be the other color. We consider two cases.
• No point to the right of ρ k−1 having color c 1 has been used by the algorithm during
Step k, i.e. no vertex of G k is represented by a point of F We prove now that Property 2 holds for NB k . We prove first that all the points of NB k have the same color. We have different cases depending on placement of v k . Based on Lemma 10 and on Theroem 4 we can state the following. Theorem 5 Any 2-colored caterpillar is bi-chromatic point-set embeddable with at most two bends per edge.
p(v

Caterpillars and Wreaths with Proper 2-coloring
One can ask whether the upper bound on the number of bends per edge stated by Theorem 5 can be reduced. We recall that Kaneko Kano and Suzuki [12] prove that not all properly 2-colored simple paths are bi-chromatic point-set embeddable with zero bends per edge. This implies that also bi-chromatic point-set embeddings of properly 2-colored caterpillars require in general one bend per edge. In this section we show that for properly 2-colored caterpillars one bend per edge is also sufficient.
We start by first proving the following property for the output γ k of
Step k of Algorithm Cater-Draw. Observation 2 Let γ k be the drawing computed by Algorithm Cater-Draw at Step Proof. Let G be a properly 2-colored caterpillar. We first show that if Algorithm Cater-Draw is applied to G, then Case 2.b never occurs. Since Case 2.b is the only part of the algorithm where an edge of G can be split by a division vertex, it follows that G is 2-page bi-chromatic book embeddable and hence it is bi-chromatic point-set embeddable with at most one bend per edge for Theorem 4.
At generic
Step k, Algorithm Cater-Draw splits an edge (v k−1 , u) of G k with a division vertex if (i) p(u) is a point of NB k−1 and (ii) p(v k−1 ) and p(u) are accessible from different pages in γ k−1 . Observation 2 applied to γ k−1 implies that v k−1 has the same color as the points in NB k−1 . If the 2-coloring is proper, v k−1 is never connected to a point of NB k−1 and therefore no edge is split by a division vertex.
To complete the proof we show that one bend per edge is worst-case optimal. This is a consequence of the result by Kaneko, Kano and Suzuki [12] and of the observation that a properly 2-colored simple path is also a properly 2-colored caterpillar.
2
Another family of graphs for which one bend per edge is sufficient is the family of properly 2-colored wreaths. A wreath is a graph such that if all vertices with degree one are removed, a cycle is obtained. The following theorem holds. Theorem 7 Any properly 2-colored wreath is bi-chromatic point-set embeddable with at most one bend per edge, which is worst-case optimal. Proof. Based on Theorem 4, it is sufficient to prove that any properly 2-colored wreath is 2-page bi-chromatic book embeddable. Let G be a properly 2-colored wreath. Let C be the cycle obtained by removing all vertices with degree one from G. Since the coloring is proper, there exists a vertex of C that has the same color of the leftmost point of σ. Denote such vertex as u. Let e be one of the edges of C incident to u. Remove e from G and let G be the obtained graph. G is a properly 2-colored caterpillar G , which is 2-page bi-chromatic book embeddable by Theorems 6 and 4.
Let σ be any red-blue sequence equipollent with G. A 2-page bi-chromatic book embedding of G can always be constructed so that vertex u is mapped to the leftmost point of σ (this can be done by executing Step 0 of Algorithm Cater-Draw on vertex u) and hence it is accessible from both pages. The last vertex of the body of G is accessible from one page π by Property 3. Therefore, by Lemma 6 edge e can be drawn in π without crossing any edges of G .
The fact that one bend per edge is worst-case optimal is a consequence of Theorem 6. Indeed, every properly 2-colored caterpillar is a properly 2-colored wreath minus one edge; if any properly 2-colored wreath were bi-chromatic point-set embeddable with zero bends per edge then also every properly 2-colored caterpillar would be bi-chromatic point-set embeddable with zero bends per edge. 2
Bi-chromatic Point-set Embeddings of Paths and Cycles
In this section we consider families of graphs that admit bi-chromatic point-set embeddings with at most one bend per edge even when the 2-coloring is not proper. We first study 2-colored paths and as in the previous section, we study what are the additional properties of the drawing computed by Algorithm Cater-Draw if the input is a 2-colored path.
We start by making the following observation. We first prove Property 2 . Of course it is true at Step 0 for NB 0 . Assume Property 2' is true for NB k−1 and assume that Properties 1 and 3' also hold for γ k−1 . We start by proving that all points in NB k have the same color. We consider two cases:
arbitrarily choose such a page, it can be chosen so that the points of NB k between ρ k−1 and p(v k ) are accessible from the same page as those in The discussion above implies that any 2-colored path is 2-page bi-chromatic book embeddable and thus, by Theorem 4, it is also bi-chromatic point-set embeddable with at most one bend per edge.
The fact that this number of bends per edge is worst-case optimal is a consequence of the result by Kaneko, Kano and Suzuki [12] . 2 The result of Theorem 8 about paths can be extended to cycles. Theorem 9 Any 2-colored simple cycle C is bi-chromatic point-set embeddable with at most one bend per edge, which is worst-case optimal. Proof. Let σ be any red-blue sequence equipollent with C. Let p be the leftmost point of σ. Choose a vertex v of C such that c(v) = c(p). Remove an edge from C so that v is the starting vertex of the obtained path P ; let w be the other end-vertex of P .
By the drawing technique in the proof of Theorem 8 P has a 2-page bi-chromatic book embedding consistent with σ. Vertex v is represented as the leftmost point of σ and therefore it is accessible from both pages. By Property 3' in the proof of Theorem 8, the last end-vertex w of P is accessible from a page π. Therefore By Lemma 6 we can draw edge (v, w) (the edge closing the cycle) on page π without introducing any crossing. Hence C admits a 2-page bi-chromatic book embedding consistent with σ. By Theorem 4 it follows that C is 2-page bi-chromatic point-set embeddable with at most one bend per edge. Since every path can be augmented to become a cycle by adding an edge, Theorem 8 implies that one per edge is worst-case optimal. 2
Conclusions and open problems
In this paper we studied the curve complexity of bi-chromatic point-set embeddings, that is the number of bends per edge that are required to embed a 2-colored planar graph on two sets of red and blue points such that every red vertex is mapped to a red point and every blue vertex is mapped to a blue point. Variants of this problem have a long tradition in the graph drawing and computational geometry literatures. It is known that for (1-colored) planar graphs two bends per edge are always sufficient and sometimes necessary [18] , whereas for n-colored planar graphs the curve complexity of the n-chromatic point-set embedding is Θ(n) [20] . This paper investigated the following question: how many bends are necessary and sufficient if the graph and the set of points are colored with some constant number k of colors such that k > 1?. In particular, the case that k = 2 is studied.
We exhibited a tri-connected planar graph G with n vertices and two sets R and B for which any bi-chromatic point-set embedding of G on R ∪ B has an edge with at least n 3 − 1 bends. Motivated by this (somewhat surprising) result we looked for families of 2-colored planar graphs that admit bi-chromatic point-set embeddings with few bends per edge. We showed that a 2-colored planar graph has a bi-chromatic point-set embedding with at most two bends per edge if and only if it has a suitably defined topological book embedding on two pages. By means of this equivalence, we showed that 2-colored caterpillars are bi-chromatic point-set embeddable with at most two bends per edge. We also proved that properly 2-colored caterpillars, properly 2-colored wreaths, 2-colored paths and 2-colored cycles are bi-chromatic point-set embeddable with at most one bend per edge, which is worst-case optimal.
The results in this paper naturally raised different open problems. We list below three of those that in our opinion are among the most interesting.
• Investigate other families of graphs that are bi-chromatic point-set embeddable with constant number of bends per edge. For example, are all 2-colored trees bi-chromatic point-set embeddable with a constant number of bends per edge?
• Let G be a 2-colored planar graph and let S be a set of points equipollent with G. How difficult is it to compute a bi-chromatic point-set embedding of G on S such that the total number of bends per edge is minimized? We recall
